Abstract. An explicit form of single first order PDE for invariants of binary form are found. By solving the equation a minimal generation set for a ring of invariants and theirs syzygies are calculated in the cases n ≤ 6 and n = 8.
Introduction
Let V n be a vector k-space of the binary forms of degree n u(x, y) = , see [1] , and on R n by derivations
It follows that the invariant ring R SL 2 n coincides with a ring of polynomial solutions of the following first order PDE system, see [2] , [3] : 
i.e. R The ring of invariants and theirs syzygies was a major object of research in classical invariant theory of the 19th century. For n ≤ 6 the invariant ring was described by Gordan [4] . The case n=8 was considered by Shioda [5] . Allmost all known invariants were found in implicit way by the so-called symbolic method. In this case every invariant is represented as an action of an invariant differential operator applied to covariants (Ω process). For n ≤ 5 Faá de Bruno [8] and Sylvester [9] have calculated an explicit way a minimal generating set of the R SL 2
n . The explicit form is highly unwieldy. For example, one invariant of the generating set for the ring R SL 2 5 is a polynomial of degree 18, consisting of 848 terms. 1 For n = 5, Sylvester also found the explicit form of single syzygy of degree 36 between the four invariant of the generating set. For n = 6, there exists a unigue syzygy and in the case n = 8 the 9 fundamental invariants are related by 5 syzygies, see [10] , [5] . It is the aim of this paper to reduce the system ( * ) to one equation and try to use it for calculation of invariants for small n. For each equations of the system ( * ) one may easily find a fundamental system of solutions in the qoutiend field k(α 0 , α 1 , . . . , α n ). Having the fundamental system for one derivation we may discover an action of another derivation on the fundamental system . In this way we succeed to reduce the system to single equation. By using the equation together with an additional information about invariants such as theirs degree and number of generators one may calculate an explicit form for invariants and their syzygies. In this paper we do so for n ≤ 6 and n = 8.
Differential eqation of invariants
From now, let us change the variable set α 0 , α 1 , . . . , α n on x 0 , x 1 , . . . , . Therefore (see for example [6] , Proposition 1.3.21) for the derivation d 1 we can get a description of the ring k(X) It is well known ([11] , Proposition 2.1) that in this case k(X) = k(X) d 1 [λ] and λ are algebraically independent over k(X) d 1 , therefore k(X) is a polynomial ring in one variable over k(σ(x 0 ), σ(x 2 ), . . . , σ(x n )). This fact allows us to define an action of the derivation d 2 on k(X) in new coordinates σ(x 0 ), σ(x 2 ), . . . , σ(x n ), λ. Denote by d the derivation
.
It is clear that the ring k[X] d coincides with a ring polynomial solution of the following differential equation
and we get R
For example, let us consider the case n = 2. The derivations d 1 and d 2 has form
Therefore, the derivation d has form
and the corresponding differential equation ( * * ) after multiplying by x 0 turns into
It is well known that a first order PDE in three variables has a fundamental system which consists of no more than 2 solutions. For our equation it can easily be checked that the fundamental system, it is x 0 u 2 and
. Further, the ring k(x 0 u 2 ) obviously is the intersection of rings k(x 0 u 2 , u 2 + x 0 λ 2 ) and k(x 0 , u 2 ). Since is generated by single invariant x 0 x 2 − x 2 1 . Consider the case of arbitrary n. We have
where
First of all we will express variables λ, x 2 , . . . , x n through u 2 , . . . , u n . Denote by B i the sum
x 0 λ i of the last two terms of u i . In particulary we obtain
and for arbitrary i :
Taking into account
we get required form for x i :
To wtite the equation ( * * ) we need to find an explicit expression of d 2 (u i ) in terms of λ, x 2 , . . . , x n through u 2 , . . . , u n . By direct calculation we obtain
In the general case, for u i , i > 3 we have:
Let us calculate each sum separately
The following equalities are hold:
and for i > 3
Proof. Using the binomial identity
we get
The equalities for S p are derived from the following ortogonal relation ( [7] )
in the same way.
Hence we reduced the first sum to the form
Let us calculate the second sum in the expression of d 2 (u i ) :
Thus after all simplifications for i > 3 we get
Consequently the derivation d acts on k(x 0 , λ, u 2 , . . . , u n ) by the rule
Finally, we obtain 
where,
Solving of the invariant equation
Let us introduce on k[x 0 , u 2 , . . . , u n ] three additional derivationsd 1 ,d 2 and e as followŝ
Then, in terms of these derivations, one may rewrite the derivation d in the form
For the derivation e, every monomial x
n is an eigenvector with the eigenvalue ω(x
A homogeneous polynomial is called isobaric if the sum (2 α 2 + 3 α 3 + · · · + n α n ) has an equal value on all monomials of the polynomial. The value is called u-weight of the polynomial z and it is denoted by ω u (z). Hence, if z is isobaric polynomial then we have e(z) = (n deg(z)−2 ω u (z)) z. Put
. It is clear that on isobaric polynomials the functions deg, ω u : k[x 0 , u 2 , . . . , u n ] → Z are additive. Thus I n form a subring of the ring k[x 0 , u 2 , . . . , u n ]. The following theorem describes solutions of the equation for the invariants.
Proof. Suppose that a polynomial u ∈ R SL 2 n . Then u ∈ k[x 0 , u 2 , . . . , u n ] and it is followd i (u) ∈ k[x 0 , u 2 , . . . , u n ], i = 1, 2. Therefore the equality
is possible only in the case if a coefficient by λ is equal to zero, i.e. e(u) = 0. Therefore
Proof. Using the expansion
we may every x i expres in form
Multiplicativity of maps ϕ and x 1 = −λx 0 = ϕ(x 1 )−λx 0 , implies the existence of the representation z = ϕ(z)+λz ′ for arbitrary polynomial z and for some polynomial z ′ . Since z ∈ k[x 0 , u 2 , . . . , u n ] and λz ′ / ∈ k[x 0 , u 2 , . . . , u n ] it is follows z ′ = 0, and therefore ϕ(z) = z. Consider, for example, the polynomial z := x 4 x 0 − 4 x 1 x 3 + 3 x 2 2 . Substituting
in z, after simplification we obtain z = x 0 u 4 + 3 u 2 2 . On the other hand
Recall now that a weight ω(z) of homogeneous isobaric invariant z ∈ k[X]
SL 2 is called the value n deg(z) − ω(z), where ω is a integral function which takes each monomial x
It is well known (Hilbert, [2] , p.38) that for an isobaric polynomial z, the conditions d 1 (z) = 0 and n deg(z) = ω(z) follow d 2 (z) = 0. Thus each polynomial of I n ∩k[X] is invariant of SL 2 .
Algorithm
By using the results of theorems 1, 2, in the cases n ≤ 6 and n = 8, one may develope an effective algorithm for calculations of minimal generating sets of the invariant ring R SL 2 n and theirs syzygies. The main algorithm consist of several subsidiary algorithms. Note that we use the information about number of invariants, number of syzygies and theirs degree.
Let us go to the description of the algorithms.
Algorithm (main) MINGENSET(n, r, D). Input: n is degree of an binary form; r is a number of homogeneous invariants which forms a minimal generating set of the invariant ring R 
Algorithm INVARIANTS(n, d).
Input: n is the degree of binary form;d is a degree of an invariant. Output: The set of linearly independed homogeneous invariants of degree n. begin P := POWERS(n, d); F := GPOL(P ); F 1 := DERPOL(F ); F 2 := COEFFS(F 1); F 3 := SYSTEM(F 2); I := SOLVSUBS(F 3, F ); return I; end.
Algorithm MEMBER(S, F ).
Input: S is a set of homogeneous polynomials {f 1 , f 2 , . . . , f m }; f a homogeneous polynomial.
Algorithm SYZYGIES(S, r, D).
Input: S is a set of homogeneous polynomials {f 1 , f 2 , . . . , f m }; r is a number of syzygies and D := {s 1 , s 2 , . . . , s r } is a set of their degries. Output:The set of r syzygies of the set S . begin S := {∅}; for i from 1 to r do F := POWERS2(S, i);
Input: n is binary form degree; d is a degree of an invariant. Output: A set of solutions of the equation system
Algorithm POWERS2(S, d). Input: S is set of homogeneous polynomials {f 1 , f 2 , . . . , f m }; d is a degree of their sysygy. Output: P is a set of solutions of the equation
Algorithm GRAD(S, f ). Input: S is a set of homogeneous polynomials {f 1 , f 2 , . . . , f m }; f is a homogeneous polynomial. Output: P is set of solutions of the equation
Algorithm GPOL(P ). Input: P is a set of n-tuples {(α 0 , α 2 , . . . , α n )}. Output: F is a "general" polinomial
Output: A result of the action of the derivation d := x 0d2 − (n − 1)u 2d1 applied to the polynomial F.
Algorithm SUBS(S, F ).
Input:S is a set of homogeneous polynomials {f 1 , f 2 , . . . , f m }; F is a polynomial of
Output: A result of substituting of S in the polynomial F .
Output: A set of coefficients of the polynomial F.
Algorithm SYSTEM(F ).
Output: A system of linear homogeneous equations for the indeterminates β 1 , β 2 , . . .. We get the system by using the condition F ≡ 0.
Algorithm SOLVSYSTEM(R, F ). Input: R is a system of linear homogeneous equations; F is a "general" polynomial of
Output: A result of substituting of solutions of the sysytem R in the polynomial F.
Algorithm SOLVSUBS(R, F ).
Input: R is a system of linear homogeneous equations for the indeterminates β;
Output: A vector space basis of solutions of the equation d(F ) = 0.
Algorithm ISSOLVABLE(R).
Input: R is a system of linear homogeneous equations for the indeterminates β 1 , β 2 , . . . Output: TRUE if the system R has no solutions and FALSE if R has solutions.
Examples
Below one may find differential equations and syzygies of the invariant ring R SL 2 n for n ≤ 6 and n = 8. Also here is plased a minimal generating system of the invariants rings in the case n < 5. All calculations were done with Maple according to the above algorithms.
The differential equation for the invariant u, u ∈ k[x 0 , u 2 , u 3 ] is as follow: 
in Z + has only the following two solutions − (1, 3, 0) i (2, 0, 2). Then we find an invariant in the form
Going back to indeterminates x 0 , x 1 , x 2 , x 3 we get
The differential equation for the invariant u, u ∈ k[x 0 , u 2 , u 3 , u 4 ] is as follow:
The invariant ring R generated by two invariants f 2 , f 3 . Those invariants one may find in the same way as it were done for the case n = 3..
The differential equation is as follow
The invariant ring R generated by four invariants f 4 , f 8 , f 12 , f 18 .
There exists the single sygyzy:
The diffrential equation is as follows
The invariant ring R generated by five invariants f 2 , f 4 , f 6 , f 10 , f 15 .
The invariant ring R −376564832 f 10 f 3 f 2 3 + 69222949461120
The generating invariants f 4 , f 8 , f 12 , f 18 , in the case n = 5. Here we denote the variable x 0 by t. 
